We present an analysis of electron transport through two weakly coupled precision placed phosphorus donors in silicon. In particular, we examine the (1,1)↔(0,2) charge transition where we predict a new type of current blockade driven entirely by the nuclear spin dynamics. Using this nuclear spin blockade mechanism we devise a protocol to readout the state of single nuclear spins using electron transport measurements only. We extend our model to include realistic effects such as Stark shifted hyperfine interactions and multi-donor clusters. In the case of multi-donor clusters we show how nuclear spin blockade can be alleviated allowing for low magnetic field electron spin measurements.
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I. INTRODUCTION
An understanding of electron transport through multiple quantum dots has enabled the progression of semiconductor quantum information protocols from single shot spin readout to two-qubit logic gates [1] [2] [3] [4] . Not only do transport measurements provide us with important details on spin relaxation times and tunnel rates, but they play a vital role in aiding our understanding of the complex spin dynamics that occur in these systems, such as coherent manipulation of the electron spins 2,5 and dynamical nuclear polarisation of the Overhauser field 6 . With recent advances in the fabrication of precision placed donors in silicon [7] [8] [9] [10] [11] research in this field is now focused on spin transport through multi-donor chains. A deeper understanding of the interplay between electronand nuclear-spins in the dynamics of such systems is a prerequisite for the progression of this field. In particular for the implementation of spin transport via donor chains 12 . So far, protocols based on spin-chains [13] [14] [15] , coherent tunneling adiabatic passage (CTAP) 12, 16, 17 , spin shuttling 18, 19 and SWAP-gate operations 20 have been proposed, all of which require control of electron spin transport across donors. In order to further investigate these transport protocols it is crucial to understand the spin dynamics at the two donor level. However, despite the plethora of theoretical knowledge on gate-defined semiconductor double quantum dots [21] [22] [23] ; double donor transport has not received as much attention.
In this paper we show how the interplay between the electron and nuclear spins in donor-based systems affects not only the charge transport, but also the spin transport. To understand the impact of these nuclear spins we use a master equation approach to conduct a comprehensive numerical analysis of electron transport through a double donor system. We investigate electron spin resonance (ESR) combined with Pauli spin blockade (PSB) at low and high magnetic fields to manipulate and readout the electron spin states. Our most striking finding demonstrates that the presence of the quantised nuclear spin of the donors leads to a novel effect called nuclear spin blockade. Using this mechanism we propose a new spin readout protocol for the nuclear spins based on a measurement of the transport current. Finally, we analyse more realistic scenarios of inhomogeneous hyperfine interactions across the donors, as well as the case of multi-donor dots, which can be shown to be immune to nuclear spin blockade. Throughout the paper we neglect the dynamical behavior of the surrounding 29 Si nuclear spins present in natural silicon. This interaction is much smaller than the donor hyperfine interaction 24 and it has also been shown that Si:P devices can be fabricated in isotopically pure 28 Si where the absence of the 29 Si extends the electron coherence times 25 .
II. TRANSPORT AT THE (1,1) TO (0,2) CHARGE TRANSITION
We consider two weakly coupled phosphorus donors in a silicon lattice (approximately 15-20 nm apart 26, 27 ), P L and P R the left and right donor, respectively. Electrons are able to tunnel from in plane source to drain leads via both donors as shown schematically in Fig. 1a . Describing the system is the Hamiltonian H,
where H ze and H zn are the electron and nuclear Zeeman terms, H tc is the tunnel coupling between the donor electrons, H ∆ is the energy detuning of the |S 02 state (singlet state with two electrons on a single donor nuclei) and H hf is the hyperfine interaction, for further details see Methods. Throughout the paper we refer to the Hamiltonian in the singlet-triplet basis of the electrons with energies shown in Fig. 1b . By making a transformation from Hilbert space to Liouville space we incorporate incoherent processes that occur during spin transport 28 . In doing so, tunnelling that occurs from the source at the rate Γ L , to the donors and through to the drain at the rate Γ R , are integrated with the coherent evolution of the system. Using this approach we can determine the spin and charge dynamics of the donor system during electron transport. (blue), |T 0 11 (black), and |T − 11 (pink) are split by the Zeeman energy, γeB0. The |S02 (green) state is detuned from the |S11 (red) with an anti-crossing at ∆=0 due to a tunnel coupling set to tc = A. The (0,1) charge states are omitted for clarity.
As a first demonstration of the effect of quantised nuclear spin states we study the electron transport from drain to source (reverse of Fig. 1a ). In this scenario the charge cycle is (0,1)→(0,2)→(1,1)→(0,1), where (n L , n R ) corresponds to the electron numbers on the left and right donor nuclei. In the case of quantum dots it has been shown that the current, I QD , as a function of the detuning, ∆, is given by a known expression involving the coherent and incoherent tunnel rates 29 ,
where e is the electron charge and t c is the tunnel coupling between the two dots. However, without an external magnetic (B 0 ) dependence, this equation will not account for any spin dynamics. In the case of donors, the measurable current is given by I= |e| Γ L P (1,1), where P (1,1) is the probability of being in any (1,1) charge configuration, including the electron triplet states {|T + 11 , |T − 11 }. To investigate the effect the inclusion of these states has on electron transport we plot the difference in current, δI=I−I QD , for ∆≥0 in Fig. 2a . There is a peak in the current that can be seen to follow the point at which the electron exchange interaction, J=∆/2+ (t c /2) 2 +(∆/2) 2 , (t c =2 GHz) is equal to the electron Zeeman energy, γ e B 0 . This is analogous to the canonical spin-funnel experiments 5 . At this value of detuning the hyperfine interaction mixes electron singlettriplet states |S 02 ↔|T giving rise to a larger current. In gate-defined quantum dots this current peak is not observed since the large nuclear spin bath has a distribution of hyperfine strengths. Therefore, the position of this peak shown in Fig. 2a , will shift depending on the exact nuclear spin configuration and will be averaged out due to the fluctuating Overhauser field 30 . For ∆<<0 transport across the donors becomes energetically unfavourable as the electrons will remain in the (1,1) region without first loading into the (0,2) charge state, see Fig.1b . We therefore do not expect to see mixing between |S 02 ↔|T + 11 and a current peak will not be observed.
III. NUCLEAR SPIN BLOCKADE
Next, we consider the transport cycle from source to drain: (0,1)→(1,1)→(0,2)→(0,1) where we can expect PSB due to the large energy splitting of the (0,2) electron singlet-triplet states 31 . As a consequence, if the electrons are in any of the (1,1) triplet states an electron on P L cannot tunnel to P R . Therefore, tunneling can only occur via the singlet states and the current is given solely by the |S 02 probability: I= |e| Γ R P (|S 02 ).
It has been shown; however, that by applying a continuous-wave ESR magnetic field PSB can be lifted by driving transitions within the (1,1) electron triplet manifold, {|T
3,32 . This applies when the tunnel coupling, t c , is on the order A, hence, for the following analysis we set t c =A. Importantly, any difference in the Larmor frequencies of the two electrons, δω e , will result in |T 0 11 ↔|S 11 transitions 3 . The |S 11 state can in turn tunnel to |S 02 via the tunnel coupling t c , allowing current to flow. In the presence of a homogeneous B 0 field δω e can only come from a difference in the nuclear spin orientation between the two donors.
We examine the spin transport by initialising in the (0,1) charge configuration and preparing a fully mixed state in both the nuclear and electron spins states such that at t = 0, ρ 0 =(|↑ 01 ↑ 01 | + |↓ 01 ↓ 01 |) ⊗ {N } (normalisation omitted). We first let the system reach PSB after which a continuous wave ESR field is applied with strength B 1 and on resonance at the frequency,
where γ e and γ n are the electron and nuclear gyromagnetic ratios, and A L and A R are the nuclear hyperfine interactions on P L and P R respectively. At high magnetic fields, B 0 100 mT, there is an initial peak in the current due to the tunneling of the electrons into the (1,1) charge region, see Fig. 3a . In a time ∼ 0.1 µs PSB is reached and the current is blocked (Fig. 3b) . After application of the ESR excitation the current initially spikes and coherent oscillations can be seen corresponding to electron spin rotations introducing singlet content at a frequency determined by the The current through the donors is linearly proportional to the spin down probability on PL allowing different NMR rotations to be mapped using the magnitude of the current during readout. Here, B0=1000 mT, tc=AL=AR=A=117.53 MHz, ∆=0, ΓL=ΓR=100 MHz.
ESR field strength (γ e B 1 ∼ 140 MHz, Fig. 3c ). The current quickly finds a steady state centred around the oscillations from the ESR driving. During this time, the nuclear spins are unaffected by the electron transport. Figure 3d shows the four nuclear spin state projections, {|⇑⇑ , |⇑⇓ , |⇓⇑ , |⇓⇓ } = 0.25. At low magnetic fields, B 0 <100 mT, the nuclear spin dynamics play a larger role in determining the current through the donors. Here the hyperfine interaction can cause electron-nuclear spin flip-flops (|↑⇓ ↔|↓⇑ ) 33, 34 . This process is seen to increase the nuclear spin |⇑⇑ and |⇓⇓ populations to ∼0.3 whilst the system moves into PSB, see Fig. 3e . The flip-flop process is further amplified when ESR is applied during which the nuclear |⇑⇓ and |⇓⇑ populations approach zero. Consequently, this reduces the mixing between |S 11 and |T 0 11 since δω e →0. Irrespective of the initial nuclear spin state, PSB cannot be lifted at low magnetic fields for double donor transport. We refer to this effect as "nuclear spin blockade" since the current through the donors is being blocked as a result of the nuclear spin states.
IV. NUCLEAR SPIN READOUT
In the same way that PSB has been used to perform single electron spin readout in electron transport 3 , we investigated if nuclear spin blockade can be used to perform readout of a single nuclear spin. Even at high magnetic fields nuclear spin blockade prevents current flow if the nuclear spin states are aligned (|⇑⇑ or |⇓⇓ ) and allows current to flow if they are anti-aligned (|⇑⇓ or |⇓⇑ ). Importantly, at high fields the nuclear spin states remain unaffected by the electron transport; therefore, it is possible to use nuclear spin blockade as a readout mechanism for the nuclear spin states.
The spin measurement protocol consists of 3 stages: initialisation, manipulation and readout, see Fig. 4a ,b. We initialise in the (0,1) charge region by waiting for the T 1 of the nuclear spins, thereby preparing them in the ground state, |⇑⇑ . The manipulation step involves applying NMR to the P L nuclear spin (which does not have an electron present) at a frequency γ n B 0 . Importantly, this will not effect the P R nuclear spin due to the presence of the donor electron. The readout consists of moving to the (1,1)→(0,2) transition and applying ESR to test the presence of nuclear spin blockade. If the nuclear spin on P L is |⇓ then current will flow through the donors (Fig. 4c) ; however, if the nuclear spin is |⇑ then the current will be blocked (Fig. 4d) . The current is also linearly proportional to the orientation of the nuclear spin; that is, if the total nuclear spin state is (|⇓⇑ + |⇑⇑ )/ √ 2 then the current will be half that of the |⇓⇑ state, see Fig. 4e . At high magnetic fields where the nuclear spin dynamics are unaffected by the electron transport the effect of larger δALR=|AL − AR| reduces the current. In order to achieve the largest current there is an optimum B0 for any given δALR (contour lines guide the eye). Here, ∆=0, ΓL=ΓR=100 MHz.
V. STARK SHIFT AND DONOR CLUSTERS
In this final section we extend the simulation work to examine non-idealised scenarios of Stark shifted contact hyperfine interactions and donor clusters (multi-donor quantum dots) in donor based transport, for example, in Ref. 10, 35, 36 . The electron wavefunction around a donor nuclei can be distorted by electric fields which changes the contact hyperfine interaction, known as the Stark effect 11, 37 . Due to the stray electric fields in the silicon crystal, e.g. from electronic gates or charges, it is most likely that two donors will naturally experience different hyperfine interactions. This inherent Stark shift is typically a few MHz in frequency 38 and will create a difference in the hyperfine interaction between the two donors, δA LR =|A L − A R |. Figure 5 shows the steady state current after PSB and ESR (as in Fig. 3a) for various magnetic fields and δA LR values. The current increases with the magnetic field up to a certain field and interestingly there is an optimum B 0 for any given δA LR . At high magnetic fields the current decreases as δA LR becomes larger. This is due to δA LR decreasing δω e when the spins are anti-aligned, resulting in less |S 11 ↔|T 0 11 mixing and a lower current. At low magnetic fields the effect is reversed. Here, we are subject to nuclear spin blockade as previously discussed, however increasing δA LR will only increase δω e resulting in a higher current.
Using scanning tunneling microscopy (STM) hydrogen lithography it has been shown that donor clusters consisting of a small number of P atoms can be fabricated in Si that exhibit PSB 35 . It is therefore possible to engineer a system consisting of a single donor and a two After 500 µs an ESR driving field is applied to both electron spins. At low magnetic fields the current reaches a steady state but it does not decay to zero. The absence of decay in the current at low magnetic fields indicates that nuclear spin blockade is no longer present. At intermediate magnetic fields (50 mT and 100 mT) there is a decay in the current; however, the final steady state current is larger than that obtained for two single donors in transport. In this simulation, tc=AL=AR=117.53 MHz, ∆=0, ΓL=ΓR=100 MHz.
donor cluster in transport, essentially controlling the hyperfine interaction at the atomic scale. Now, in this system the electrons will always experience a δω e across the two dots, ensuring there is substantial mixing ( A) between the |T 0 11 and |S 11 states to lift PSB. This can be seen if we consider the 8 possible nuclear configurations: {N 1P/2P }={|⇑ |⇑⇑ , |⇑ |⇑⇓ , |⇑ |⇓⇑ , |⇑ |⇓⇓ , |⇓ |⇑⇑ , |⇓ |⇑⇓ , |⇓ |⇓⇑ , |⇓ |⇓⇓ }, where the first term is the spin state for P L and the second term with a two nuclear spin state is for 2P R .
We simulate the current through a single donor (P L ) and two donor cluster (2P R ) in Fig. 6a at different magnetic fields with the initial state ρ 0 =(|↑ 01 ↑ 01 | + |↓ 01 ↓ 01 |) ⊗ {N 1P/2P } at t=0. With this single and two donor cluster scenario, the nuclear spins take longer to reach a steady state configuration despite the electron spins reaching PSB in the same time scale as the single donor case, Fig. 6b . As a consequence we simulate the dynamics here for much longer.
During ESR excitation the current is seen to oscillate with a beating due to the different hyperfine interactions experienced by each electron, see Fig. 6c . For all magnetic field strengths, the current is higher than it was in the single donor cases. Importantly, even at low magnetic fields, and in contrast to the single donor dynamics (Fig. 3a) , the current does not decay to zero. Instead, it finds a steady state solution centered around the coherent oscillations indicating that nuclear spin blockade is no longer present.
VI. SUMMARY
We have developed a numerical model to investigate electron spin transport through donors in silicon. Our findings show that there are surprising effects that arise due to the quantised nature of the donor nuclei. We show how it is possible to map out the electron exchange interaction using simple transport measurements and predict a new current blockade mechanism as a consequence of nuclear spin dynamics. This is in contrast to other systems such as GaAs double quantum dots where large fluctuating nuclear spin baths averages out the quantum nature of the nuclear spins and these effects are not observed.
Importantly, we find that for low magnetic fields, B 0 <100 mT, where long electron T 1 times 39 and faster ESR rotations are possible, nuclear spin blockade prevents the transfer of the electron spins across the donors. Therefore, electron spin readout can only be performed at high magnetic fields; in which, the nuclear spin states are initialised in |⇑⇓ or |⇓⇑ otherwise δω e =0 and there will be no |S 11 ↔|T 0 11 mixing. In addition, we demonstrate that there is an optimum B 0 field for a given Stark shift across the donors to achieve the maximum current after ESR driving.
Interestingly, we show how nuclear spin blockade can be utilised as a new readout mechanism for nuclear spins. This method, which only requires electron transport measurements and removes the need for traditional charge sensors will be a useful experimental tool for probing multi-donor interactions. The nuclear spin coherence times can be measured during electron shuttling which is critical for many proposed spin transport protocols 18, 19 . Finally, we demonstrate that for electron spin transport experiments where nuclear spin blockade is undesirable, multi-donor clusters can be used since they allow for lifting of PSB even at low magnetic fields. Advances in fabrication technologies, in particular STM lithography, offers the ability to tailor hyperfine interactions at the atomic scale for absolute control over the combined electron-nuclear spin system.
Our results provide important insights into the complex spin dynamics in double donor systems. Such an understanding is necessary for two-qubit interactions 40 and spin transport protocols in multi-donor chains 41 for scalable solid-state quantum computing architectures 12 .
where in the Zeeman term, B 0 =(0, 0, B 0 ) and the gyromagnetic ratios of the electron and nuclear spin states are γ e =28.024 GHz/T and γ n =17.235 MHz/T which will define the respective resonance conditions during either electron or nuclear spin excitation. Throughout the article we assume that the donors are in the weak coupling regime where valley-orbit effects are negligible. The terms S
(1,1) L and S
(1,1) R are the electron spin operators for the (1,1) charge state and I i L and I i R are the nuclear spin operators for P L and P R (with donors numbers i L =i R =1 for single donors). To account for tunneling out of the |S 02 state to the drain we have included the single electron states | ↑ 01 and | ↓ 01 which represent the spin states of the electron in the (0,1) charge state 32 . For these single electron states, the system has three particles, two nuclei and one electron spin such that the hyperfine coupling is only between the electron spin, S 1 , and the second donor nuclei, I i R . By considering the two donor nuclei quantum mechanically we can obtain the full system spin dynamics.
In total our Hamiltonian is spanned by {E}⊗{N } where {N } represents the nuclear subspace of states {| ⇑⇑ , | ⇑⇓ , | ⇓⇑ , |⇓⇓ } and {E} the electron subspace consisting of {|T To include incoherent terms we make use of a technique commonly used in the ESR/NMR community 28, 42, 43 , which involves transforming from Hilbert space (H n ) to a higher dimensional space-Liouville space, L n 2 . The incoherent processes can then be gathered into the dissipator superoperator,D in L n 2 that can model nontrace preserving decoherence processes without the need of finding the operators in H n .
To incorporate decoherence and relaxation into the time evolution of the density operator, a master equation approach can be used. The problem is treated in a higher-dimensional space, known as Liouville space, L n 2 . The master equation in Liouville space is given by 44 ,
Importantly, the density operator is now a vector of length n 2 , which is operated upon by the Liouvillian superoperator,L=I⊗H−H⊗I and the dissipator superoperatorD representing incoherent terms. WhenĜ is time-independent Eq. C1 has the solution,
Appendix D: The dissipator superoperator
The dissipator superoperator term contains the tunnel rates between the source and P L , the drain and P R , Γ L and Γ R respectively. The elements ofD that contain these rates are determined by the effect they have on the system 2,32 . Two electron transport cycles were studied in this paper, for the first case: (0,1)→(0,2)→(1,1)→(0,1), the electrons are tunneling from the drain through the dots to the source. The diagonal dissipator elements in this scneario are, 
D[|T
here Γ j,k =Γ R (Γ L ) if j, k=| ↑ 01 or | ↓ 01 (|T i 11 , |S 11 ); otherwise, it is zero. The tunneling rates account for the loss of coherence between the states j and k during transport and must be included to ensure positivity of the density operator.
The current through donors is given by the probability of the system to be in the (1,1) charge configuration multiplied by the tunnel rate from P L to the drain I = |e|Γ L (|ρ T 
where now, for the off-diagonal elements, Γ j,k =Γ R (Γ L ) if j, k=|S 02 (| ↑ 01 or | ↓ 01 ); otherwise, it is zero. To determine the current through the donors we calculate the probability for the system to be in |S 02 multiplied by the tunnel rate from P R to the drain 30 I = |e|Γ R |ρ S02S02 = |e|Γ R P (|S 02 ).
Throughout the paper we choose Γ L =Γ R =100 MHz, such that it is less than A so that the hyperfine interaction has time to mix the electron states but still large enough to give an appreciable current through the donors.
